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We calculate the electrical currents through a superconductor-insulator-superconductor junction which is
also weakly coupled to a normal-metal side probe. The voltagpplied to the normal-metal terminal controls
the occupation of Andreev energy levélg, and therefore controls the Josephson current flowing through
these levels. Whenever the probe voltage crosses an Andreev level, the Josephson current changes abruptly by
an amount equal to the current flowing through the Andreev level. The differential conductance along the
normal-metal terminal permits spectroscopy of the Andreev levels. In a short junttiggy), the critical
current switches abruptly from the Ambegaokar-Baratoff value to zero when the probe voltage is approxi-
mately equal to the superconducting energy dey=A). The magnitude of the Josephson-current switching
in a long junction > &), and the range of probe voltages over which the Josephson current differs from its
equilibrium value, are much smaller than for three-terminal ballistic superconductor—normal-metal—
superconductor junction§S0163-182608)00738-3

I. INTRODUCTION the Andreev levels essentially unchanged from the isolated
Josephson junctioh'?*® The normal-metal probe therefore
The Andreev energy levéisn superconductor—normal- forces the effective Fermi level of the bound Andreev states
metal—superconductofSNS or superconductor-insulator- towards the Fermi level of the probe, rather than the Fermi
superconductofSI9) junctions, through which a large frac- level of the superconductors.
tion of the Josephson current flo#s are only weakly held Controlling the Andreev bound state occupation through a
in thermodynamic equilibrium with the two superconductingnormal terminal leads both to an abrupt switching of the
contacts of a Josephson junction. When the quasiparticle ed®Sephson currer(V), and a peak in the differential con-
ergy is inside the superconducting gap, quasiparticles canngictancediy(V)/dV along the normal terminal, whenever

transmit into the superconductor, and also cannot be injectel® Probe voltagé/ is equal to the energy of an Andreev
into the Andreev levels from the supercondudtoFhe level.” As a bound level is populated or depopulated by the

coupled electronlike and holelike quasiparticles which formprOb? ,E’OItt:ge’ E?en‘gosiﬂhzog cttarrel?t c:]\grllg\clesl bx atnharTAcr)]unt
the Andreev levels orbit in continuous periodic motion insigeSdua 10 the current carred by the bound level. As the An-

the normal(or insulating region of the SNS or SIS junction, dreev level is being filled by the probe, the differential con-

uasiparticles in the Andreev levels are then essentiall thequCtancele/dV along the normal-metal lead also has a
Q parti ) y peak. The density of Andreev levels in the SNS junction can
modynamically isolated from the superconductors, yet carr

¥herefore be detected by measuring the differential conduc-

a large fraction of the supercurrent. Only inelastic scatteringancele/dV along the normal-metal lead. Together with a

inside the superconductor forces the occupation factor for thﬁhase—biasing network of large area Josephson junctions, this
Andreev energy levels towards the equilibrium Fermi occu-

pation factor of the superconducting contacts.
An additional normal-metal contact coupled to the Jo-

sephson junction can directly inject quasiparticles into the |_s\ /

Andreev energy levels through elastic scattering processes  <— 1L

and therefore can directly control the occupation of the

bound levels. The additional normal-metal probe coupled to

the Josephson junction, shown in Fig. 1, models either a /

scanning tunneling microscope tip or the gate electrode of a

three-terminal Josephson junctith® Since the rate at

which the superconducting contacts inject quasiparticles into

the Andreev levels through inelastic processes is extremely

small, even a normal-metal probe only weakly in contact

with the Josephson junction will inject quasiparticles into the FIG. 1. Josephson junction coupled to a normal-metal side

Andreev levels much faster than the superconducting elegrobe. The probe is biased at a voltagewith respect to the two

trodes. As long as the normal-metal probe is only weakly insuperconductors. This normal-metal probe controls the occupation

contact with the Josephson junction through a tunnel barriefactor of the bound Andreev levels, since quasiparticles having en-

the main effect of the probe is therefore to fix the occupatior?rgies inside the superconducting gap cannot transmit into either

factor of the Andreev levels, leaving the wave functions ofSuperconductor.
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differential conductance spectroscopy can be used to directly 1.00
map-’ the energy-phase relatidf,(¢) and current-phase re- — —_— —
lation I ,(¢) of the Andreev energy levels in different types 0.99 -
of Josephson junctions. <
One can obtain a more quantitative understanding of the o 9981
Josephson-current switching and Andreev-level spectroscopy 2
in any Josephson junction in the limit where the normal- &='> 098 |
metal probe is weakly coupled to the junction. The total Jo- w
sephson current(¢,V) is a sum of the currents flowing 099 |
through discrete energies inside the superconducting energy — _— —
gap |4 and through the continuum of energy levels outside -1.00 L L L L

00 02 04 06 08 1.0

the gapl. asl(®,V)=14(d,V) +1.(¢). Herep= ¢,— ¢, is @ Phase b/ 21

the superconducting phase difference. The contributico
the Josephson current by scattering states outside the super- 0.03
conducting energy gap is essentially unchanged by the probe

voltageV, since the superconducting contacts can easily in- s 0.02
ject quasiparticles into Andreev resonances in the energy < o001
continuum. Scattering states outside the energy gap therefore §
remain in equilibrium with the superconducting contacts. Z 000
The portion of the Josephson currégtflowing through the o 001
Andreev levels, however, % 8
3 -0.02
la(,V) =2 {15 ($)FE, ($)—eV] oosl .
n 00 02 04 06 08 10
17 (H)HE () —eV]). (1) ® Phase ¢/ 2n

+ _ * FIG. 2. (a) Andreev levelEE~(¢) (solid) and bias voltage eV
In Eq. (1) thel, (¢)=(2e/4)[dE, (4)/d¢] are the currents +0.99%\ (dashedlin a short SIS junction(b) The probe voltage

carried by ‘forward’ and ‘reverse’ Andreev levelly before ¢ qqing an Andreev level forces the Josephson current to zero,
adding the side probe. The probe voltsé appears inside except for a small leakage current.
the Fermi factord in Eq. (1) as an effective electrochemical
potential for the Andreev levels. Therefore HG) implies  Andreev states in a three-terminal SIS junction differ consid-
that the contribution of each Andreev level to the total JO-graply from the ballistic SNS junctiol.In a short SIS junc-
sephson current can be switched on or off by varying thjon, having (<&), the presence of an insulator forces the
probe voltageV. Andreev energy levels to the edge of the superconducting
The tunneling current through the normal-metal probeenergy gap. The Josephson current in a short SIS junction
measures the local density of quasiparticle states in the J@nerefore switches to zero when the voltage on the normal
sephson junction. It is well known from tunneling spectros-terminal is approximately equal to the energy gap, &/,
copy of normal metals that the tunneling current is propor-— A as we discuss in Sec. Ill. Section IV shows that the
tional to the local density of states at the surfédtand this_ terminal 1-v characteristics of SIS Josephson junctions
also holds true for superconducting tunnel junctions. Thqonger than the healing lengtiL& &,) are more complex
tunneling spectroscopy of Andreev levels in a Josephsofhan those of short SIS junctions. The size of the nonequi-
junction, using tunneling current from the normal probe thenyipiym Josephson current, the regularity of its switching be-

corresponds to havior, and the voltage range over which the terminal cur-
) ) rents are constant, are sensitive both to the barrier

dﬂ_ 4i Iy transmissionT and the position of the tunnel barrier in the
dv  h I'2+(eV-E%?)’ @ junction. We also discuss the special limiting case where the

long SIS junction has inversion symmetry.

when |eV|<A. HereT', is the width of Andreev leveh,

which is proportional to the coupling constant Although Il. SHORT JOSEPHSON JUNCTION

Ref. 12 derived Eqs(l) and (2) only for a ballistic SNS

junction, they should describe any type of Josephson junc- In a short SNS junctionl(< &), the Josephson current

tion. The numerical simulations we present in the followingflowing into either superconductor switches on or off as we

sections follow from the scattering theory briefly summa-vary the bias voltage on the side probe. It is well known both

rized in the Appendix, and can be understood using Eds. that short Josephson junctions contain only two Andreev lev-

and(2). els, and that all the Josephson current flows through these
In this paper we consider the Josephson-current switchingvels (.=0). Depopulating(or populating both levels

(V) and differential conductance spectroscopy of the An-therefore forces the Josephson current to zero. Consider the

dreev leveld 1 (V)/dV as we vary the voltag¥ along the SIS junction having transmission probabilily=2.5% in

normal terminal in a three-terminal SIS junction. The detailsFig. 2. The two Andreev levelg,(¢) for the SIS junction

of the Josephson-current switching and spectroscopy of thare shown in Fig. @). The horizontal lines in Fig. () cor-
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respond to bias voltages near the energy gap, narady, 1.0 (e
+0.99%. For positive bias voltages, injection of a quasipar- 0.8
ticle from the normal-metal terminal fills any Andreev level 0.6
having energy less thaB,<eV. When only the lowest An- < 04
dreev level satisfieg,<eV, only the lowest-energy level o 02
contains a quasi-particle. Consequently, whei< \RA,° Z 00
the Josephson current through the SIS junction is nearly the G:': 0.2
same as without the probe, i.e., we recover the standard w .04
Ambegaokar-Baratoff result!®=?>as shown in Fig. @). 06
By varying the gate voltage, we can switch the Josephson 0.8
current in a short SNS junction on or off. At a fixed phase 1.0 bt
difference, the two Andreev levels carry equal amounts of 00 02 04 06 08 10
current but in opposite directions. Therefore when both An- (a) Phase ¢ / 2
dreev levels are filledor empty the Josephson current is 20
nearly zero as shown in Fig(l9. We also conclude that the <
Josephson current-phase relation is nearly the same whether 9 16 T=100%
the side probe has a negative or positive bias voltage. The E
small difference between the two Josephson currents for S .
eV=*+0.995\ shown in Fig. 2b) is due to the small leakage g “T
current from the gate. The leakage current is small because = 08

the coupling strengtle=0.1% in Fig. 2. The small leakage
current implies that, as we vary the gate voltage between

Current l2(¢:
o
'
|
|

JRA<eV=A, the Josephson current switches from the — 7
Ambegaokar-Baratoff value to approximately zero. | Tewle

Reducing the insulator transmissidnforces the switch- 0-000 o2 o4 0‘; 08 10 12
ing voltage and differential conductance peak towards the (b) Voltage eV / A

energy gap, i.e.eV=A, as shown in Fig. 3. In Fig. 3 the
transmission probability decreases from T 20

=100%,36%,12%, the probe coupling is wgak=0.1% in r l
(@ and(b) and e=5% in (c)], and we fix¢=0.3(27) [(b) - "
and (c)]. With decreasing transmissioh, an energy gap

opens and forces the Andreev levels to the superconducting
gap edge in Fig. @). Lowering the transmission coefficient

in SIS junctions therefore forces the switching voltage and
differential conductance peak towards the superconducting L H I
gap ateV=A, as shown in Figs.(®) and 3c), respectively. L

dIN/dV / (2e2/ h)
5

We can understand why the Josephson current in Figy. 3 L U( \ o
is constant before switching off when the bias voltage 0.0 . . =3
crosses an Andreev level Bt,=eV by considering the An- 00 02 04 06 08 10 12
dreev level structure in Fig.(8). For a positive bias voltage (c) Voltage eV / A

and fixed phase differencg#, the lowest Andreev levelH,

;O_) (i?rr.ﬁf the to;[al Curretnt ur\;ul theh upper Ieve: .Cr(?{f]seﬁ(qs,V), and (c) differential conductancely/dV(¢,V) along the
n=€V. € zero-lemperature Josephson current 1S tNerei, ., metal probe. Decreasing transmission probabilily (

fore unchanged for voltages smaller theV<|E,|. De- =100%,36%,12%) forces both the switching voltage(tim and

creasingT reduces the Josephson current in Fih)3since  eqy in the differential conductance i) towards the gap edge.
the lowest Andreev level carries a smaller current with

smaller transmissionT. The differential conductance | . ) .
dly,/dV along the probe also has a peak whenever the biginction lengthL/&, and the symmetry of the SIS junctiéh.

voltage crosses a new Andreev level, as shown by comparin€ currentl,(¢) flowing through the Andreev levels also
Figs. 3b) and 30). epends on the junction length and symmetry of the scatter-

ing potential. To illustrate the variation of the Josephson cur-
rent and probe current with these parameters, we study in
lIl. LONG JOSEPHSON JUNCTION this section a “symmetric” SIS junctiofwhere the impurity

Spectroscopy of the Andreev levels and the Josephsons in the middle of the normal-metal regipand an “asym-
current switching as a function of the gate voltagehange ~ Metric” junction lacking this inversion symmetry.
significantly when the junction length becomes compa-
rable to the BCS healing length,. The number of levels is
proportional toL/&,, so more Andreev leveE,(¢) become
bound in the pair potential well. In addition, the interference It has long been known that the net equilibrium Josephson
pattern between quasiparticle waves multiply reflected beeurrent in long SNS and SIS junctions is a small difference
tween the NS interface and the tunnel barrier depends on tHeetween much larger positive and negative currents flowing

FIG. 3. (@ Andreev levelsE*(¢), (b) Josephson current

A. Symmetric junction
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FIG. 4. A long (L> &) SIS junction which has inversion symmetf@) Andreev levels(b),(c) Josephson currents, afd) differential
conductance along the normal probe. With decreasing barrier transmission, the nonequilibrium Josephson current exceeds the equilibrium
current (V=0) over a narrow voltage range. Ballistic junctions=100%) have the largest currents both in and out of equilibrium.

in equilibrium3#26:7=9For a Josephson junction in equilib- metrical symmetry leading to the “midgap” energy levels in
rium, adding these large counterflowing currents produces dosephson junctions formed from d-wave
net current proportional to the barrier transmissorRefer-  superconductore?®

ence 27 quantified the magnitude of the larger electrical cur- To obtain a formula for the Andreev levels in Figa#
rents (which cancel in equilibrium In long, low transmis- We seta=L/2 in Egs.(7) and(8) of Ref. 9. The “effective
sion Josephson junctions having inversion symmetry Ref. 2phase” « in the symmetric SIS junction then simplifies to
showed that these larger currents are proportional/To

Reference 27 also suggested that one could prob_e these “gi- sin(a):azzﬁ sin( f) ‘ 3)
ant” currents by inducing a nonequilibrium population of the 2

Andreev levels.

Figure 4 shows théa) Andreev levels(b),(c) Josephson
currents, andd) differential conductance along the normal AE
probe in a long (=6.6¢,), symmetric SIS junction. The E-= 0
probe coupling in Fig. 4 is also weak, so that0.1% in L+2&
(@—(c) ande=5% in(d). The Andreev levels in Fig.(4) do
not split at¢p=0,27, as the transmission decreases from
=100% (filled) to 36% (empty or 12% (dotted, as one
might expecf The Andreev levels in the symmetrical junc-
tion do not split atp=0,27 because of a geometrical sym-
metry in the junction. Upon normal reflection from the tun-
nel barrier, a quasiparticle cannot tell whether it is on the left | 5= iev—F\/fco{ f) (5)
or right side of the barrier whep=0,27. Therefore the " L+2¢E, ()] 2
energy levels ath= 0,27 are unaffected by the presence of a
tunnel barrier. When the phase difference is got 0,27 for a symmetrical junction. In short junctions the variation of
this geometrical symmetry is broken, so the degenerate eff, (¢) in Eq. (5) produced an Andreev-level current pro-
ergy levels do split at any phase value other thén portional toT, while in long junctionsE ; () =const when
=0,27. This failure of the energy levels to split a¢  the barrier transmission<1. Consequently,,> T in long,
=0,27 in s-wave SIS junctions is exactly the same geo-low transmission, symmetric Josephson junctions, again for

leading to the Andreev levels

ZWH—WIZﬁ

[P
sm(E . (4)
The geometrical symmetry also produces an additional reso-
nant enhancement of the Josephson current in each Andreev
level. By settinga=L/2 in Eqgs.(7), (15), and(16) of Ref. 9,
we obtain
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FIG. 5. A long L>¢&p) SIS junction without inversion symmetrya) Andreev levels(b),(c) Josephson currents, afd) differential
conductance along the normal probe. A small Andreev energy gap leads to large nonequilibrium Josephson currents, but over a narrow
voltage range. Larger Andreev energy gaps produce a nonequilibrium current of nearly the same magnitude as the equilibrium current, but
over a wider voltage range. Ballistic junction§=€ 100%) again have the largest currents, both in and out of equilibrium.

the same reasons as the resonant enhancement of Josephatich the “giant” Josephson current of Ref. 27 occurs is

current ind-wave superconducting junctioASEquations4)  proportional to\TA[ &, /(L +2&0)], namely, the bandwidth

and(5) are the same as found by Wendin and Shumeiko irbf the Andreev level. Figure(d), for the same junction hav-

Ref. 27. ing transmission probabilitf =12%, shows the differential
Figures 4b) and 4c) show the Josephson-current switch- conductancedly /dV along the probe has a peak whenever

ing for the long, low transmission, symmetric Josephsonye probe voltage crosses a new Andreev level.

junction. [We fix ¢=0.3(27) in Figs. 4b)-4(d).] The

changes in the Josephson current have equal magnitudes un-

til the gate voltage approaches the energy gap, similar to the B. Asymmetric junction

ballistic SNS junctiort? Unfortunately, this switching occurs

only over a much narrower range of gate voltages than in the Figyre 5 shows théa) Andreev levels(b),(c) Josephson

ballistic SNS junction. Comparing Figs(b} and 4c) we see  ¢yrrents, and(d) gate current in an asymmetric junction

that the range of gate voltages where the Josephson Curreharea = /5. The Andreev levels in Fig.(8 correspond to

changes from its equilibrium value becomes much narroweg long SIS junction i = 6.6¢,) where the transmission prob-

as the transmission decreases. TfeversusT effect is also ability T=100%,36%,12% and the coupling strength

clearly visible in Fig. 4c), though none of the “giant” Jo- =0.1%. The présenc,e of an impurity removes all of the

sephson currerfi§in Fig. 4(c) are as large as the ballistic degeneracy in the Andreev-level spectrum in an asymmetric

SNS junction in Fig. &). The ballistic SNS junction has ; . :
both the largest equilibrium Josephson current and the lar 2!S junction, though some energy levels split more than oth-

est switching amplitude of the Josephson current with variaS's: FOr example, the energy gapdat m and|E[=0.7A is
tion in the gate voltage. much smaller than the other gaps.

The range of voltages over which the Josephson current 1he small energy gaps present in the Andreev-level spec-
differs from its equilibrium value in a ballistic SNS junction trum, even in asymmetric SIS junctions, produce Andreev-
is approximately half of the energy gap, as shown in Figlevel currents which approach the “giant{T variation of
4(b). In contrast, the Josephson current in a long SIS junctiothe Josephson current of Ref. 27. Figurés) @nd §c) show
with inversion symmetry differs from its equilibrium value the Josephson-current switching in a long SIS junctibn (
only over a very narrow range of voltages, as shown in Fig=6.6£,) having coupling strengtk=0.1%. We also fix the
4(c). We can infer from Eq(4) that the range of voltage over phase ath=0.3(27) in Figs. b)-5(d). For the small trans-
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FIG. 6. Andreev level€* () and nonequilibrium Josephson current-phase reldiignV) for a junction without inversion symmetry
(a),(b) and with inversion symmetr{c),(d). The current phase relations are similar, except for the larger current magnitude in the symmetric
junction.

mission coefficients in Fig.(8), we see that the equilibrium C. Current-phase relation

Josephson current decreases much more rapidly than the cur-pe cyrrent flow through bound Andreev levels can also
rent carried in the Andreev levels néE1~—~_0.7A (duetothe phe gpserved in the current-phase relation of a Josephson
small energy gap nedE|=0.7A). Comparing the asymmet- jnction 7 In Fig. 6 we show the Andreev levels and current-
ric junction of Fig. &c) and the symmetric junction of Fig. hhase relation in longl(=4¢&,) SIS junctions. The asym-
4(c) shows that the magnitude of the current switching due tQetric junction in(a) and (b) has the impurity placed one-
occupation of a new Andreev level can be nearly the sam@,irq of the distance across the normal regia—=(L/3),

for both symmetrical and asymmetrical junctions. TherefoquhiIe the symmetric junction ific) and (d) hasa=L/2. For

inversion symmetry is not a necessary condition for an Any .4 netions, the transmission probabilfty: 2.5% and the
dreev level to carry a “giant” Josephson current. The ballis- '

= i _ ) . P coupling strengthe=0.1%. We apply gate voltages to the
22 #égﬁillci)t? risrm }gsae%%lg o%aétfrseme largest equilibrium and SIS junction which intersects an Andreev level, namely,
One further difference between the long SIS junctions:i0'414A'0'4183’0'4203’0'425‘3'0'43’m in () and eV

with inversion symmetry and the asymmetric junctions is= = 0-46%,0.475,0.48%,,0.49%,0.508 in (¢), as

that the Josephson current switches by different amounts iOWn by the horizontal lines in Fig. 6.

the asymmetric junctions Wh%V<A, as shown in F|gs Qualltatlve|y, the Curl’ent-phase relation is similar for both
5(b) and 5c). In an asymmetric junction, the magnitude of types of Josephson junctions. As the quasi-Fermi-energy
the current|l,,| flowing through each Andreev level is in sweeps through the bound Andreev level, the current-phase
general different, while for symmetric junctions they arerelation changes from sinusoidal, to a half-periodic relation,
nearly the saméas long a$E,| is not too near the gap edge  and finally to ar-phase shifted junctioff. All these changes
Figures %b) and 5c) and Figs. 4b) and 4c) also show that in the current-phase relation are similar to those occurring in
Josephson current does not fall exactly to zero when probkallistic SNS junction§;*? including the half-periodic and
voltage exceeds the energy gaV&A). As emphasized in - 7-phase shifted(sign change of the Josephson curyent
Ref. 12, this is because the leaky Andreev levels outside theurrent-phase relations. The current-phase relation for the
superconducting gap carry a portion of the Josephson cusymmetric junction evolves from the usual sinusoidal form
rent. The normal-metal probe therefore provides a means ofito a nearly linear variation of current with phase more typi-
doing energy spectroscopy of the Josephson current, makirgal of ballistic junctions. The half-periodic current-phase re-
it possible to measure this “continuum” contribution to the lation can be observed as a doubling of the ac Josephson
current. Spectroscopy of the bound levels is again shown bfrequency?*-*

the differential conductancdly/dV in Fig. 5d) for trans- When we depopulate one of the Andreev levels with the
missionT=12%. probe voltage, we increase the magnitude of the critical cur-
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rent. The equilibrium Josephson current is a small differencenuch smaller in SIS junctions than for ballistic SNS junc-
between much larger positive and negative currents flowingions (which approactev /(L +2&;).
in equilibrium. Depopulating an Andreev level removes The bandwidth of the Andreev levels also becomes
some of this current cancellation in both the asymmetric anégmaller with decreasing barrier transmission in long SIS
symmetric junction types, increasing the Josephson criticgunctions. The range of gate voltages for which one obtains a
current. However, the Andreev levels in the SIS junctionnonequilibrium current in the long SIS junction is equal to
with inversion symmetry carry a slightly larger curréby a  this bandwidth, namely, dTA[ & /(L +2£&,)]. There are ap-
factor of =4 in Fig. 6. There is a small difference between proximately (+2&,)/2m&, of these energy levels, so the
the Josephson current betweeen applying positive and negetal range of voltages over which the Josephson current dif-
tive gate voltages not shown in Fig. 6, similar to Figo)Xor  fers significantly from equilibrium is 4TA/ 7. Reducing the
the short junction, again due to a small leakage current fromparrier transmissiof to maximize the size of the nonequi-
the gate. librium current simultaneously lowers the range of gate volt-
ages over which one can observe this current. In a ballistic
IV. CONCLUSIONS SNS junction, the Josephson current differs significantly
. . from its equilibrium value over a much larger range of volt-
An additional normal-metal terminal weakly coupled to @agesA/2, namely, half of the energy gap. Nonequilibrium

Josephson junction permits one both to determine the Anagtects on the Josephson current from the additional normal-

dreev energy levels and to probe the Josephson current Cafaa probe are much larger and occur over a much broader
ried through these bound levels. The differential conductanc?ange of gate voltage in ballistic SNS junctions.

din(¢,V)/dV along the normal-metal probe determines the  Fqr |ong SIS junctions which do not possess inversion
Andreev-level positions and Wldth_, while changes in the Jo'symmetry, the energy gaps and currents carried by the An-
sephson currenit(¢,V) as a function of the probe voltage greey levels are in general different, so that the Josephson-
determine the Andreev-level currents. Setting the probe Vvoltz ,rrent switches by different amounts whenever the gate
age above the energy gap also allows a measurement of tgtage populates a new Andreev-level. The magnitude of
continuum” Josephson current, which flows outside the en-he josephson-current switching can range between the equi-
ergy gap. In this paper we have studied the Josephson curreflfyjm value of the currentproportional toT) and the larger
switching and spectroscopy of the Andreev energy levels in fonequilibrium currents found in symmetric junctiofso-

three-terminal SIS junction, where the normal region of thegortional to\T). If only a very small energy gap occurs near

Josephson junction also contains an insulator having transg.” andreev level crossing, main features of the Josephson

current switching and spectroscopy of the Andreev levels are
, ’ qualitatively similar to the symmetric junctions. But because
ered in an earlier papef. . the Andreev levels carry different currents in general, the

In a short Josephson junctioh € &o) containing a tunnel  .anceliation between currents flowing in opposite directions
barrier (T<1), the maximum Josephson current switchesgom o levels adjacent in energy is almost never exact. The
from the Ambegaokar-Baratoff valueedT/2#) to zero  jo5ephson current can differ from its equilibrium value over

when the probe voltage is approximately the energy gap, much wider range of gate voltages in long and asymmetric
|eV|=A. In a short junction, there are two Andreev levels g|g junctions.

which carry equal and opposite currents. Therefore populat-
ing (or depopulating both levels forces the Josephson cur-
rent to zero. Since the presence of a tunnel barrier With ACKNOWLEDGMENTS

<1 forces the Andreev levels to the gap edg&at+ A, the We thank Manoj Samanta for many useful discussions.
Josephson current switches to zero whe¥|=A (indepen-  we gratefully acknowledge support from the MRSEC of the

dent of the phase differenceAlthough the magnitude of the National Science Foundation under Grant No. DMR-
change in the Josephson current is larger in ballistic junce400415(P.F.B).

tions (approachingeA/#), the switching voltage in ballistic
junctions ranges betweens®eV<A (depending onp).

In a long Josephson junctiol & &,) containing a tunnel
barrier (T<1), the details of this current switching depend We compute the Josephson current by finding both the
on the scattering potential inside the normal region. For th&cattering state and bound state solutions of the
long SIS junction having inversion symmetry, a current pro-Bogoliubov—de Gennes equation
portional to T indeed flows through the junctiéhwhen

mission probabilityT< 1. The results are qualitatively differ-
ent from the ballistic Josephson junctioh=1) we consid-

APPENDIX: SCATTERING STATES

one applies certain voltages to the normal-metal prébee H(X)—u A(X) u(x) u(x)
exact current isvg /[L+2&(E;)]VT where £(E;) is the A*(x)  —(H*0— ) lv(x) =E v(x)]
energy-dependent coherence lengithe factor of (T arises (A1)

because the inversion symmetry allows degenerate ener ) ) o
levels to exist even in the presence of a tunnel barrier, similafor our model Josephson junction we take the Hamiltonian
to the midgap states id-wave superconductofS.Although
this nonequilibrium currentproportional toT) is much
larger than the equilibrium Josephson tunneling cur(prd-
portional toT), both the changes in the nonequilibrium Jo-
sephson current and magnitude of the equilibrium current arthe scattering potential

2 d2
H(X):—ﬁ&—FV(X), (A2)



PRB 58

V(X)=V(x—a), (A3)

where Osa<L, and pair potential

Ae'%1 x<0
A(x)=4 0, 0<x<L (A4)
Ael?2,  x>L.

We first obtain the solutions of E¢A1) in a uniform super-
conductor whereA (x) =const andV(x)=const. When the

ANDREEV-LEVEL SPECTROSCOPY AND JOSEPHSON .
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e
IZ((Z)!E!V!T):H [T§H2+T2~>2+Tg~>2

N

+Th_,]f(E)dE

e o0
o] T o It E-evie

+3fw [Th +Th _Jf(E+eV)dE
h Cw 3—-2 4—2 ’

(A5)

whereT5_, is the probability for a normalized quasielectron
injected from the second superconductor to produce one nor-

pair potential and electrostatic potential vary in space, Wenalized unit of electrical current in the first superconductor,

determine the scattering state solutions of E4l) by

etc. The transmission coefficients in E45) are obtained by

matching quasiparticle wave amplitudes at the potential dissquaring quasiparticle scattering amplitudes as in Refs. 9 and

continuities atx=0, x=a, x=Db, andx=L.

12. All the scattering amplitudes were obtained analytically

To obtain_ all the terminal cur_rents,_ we essentially_ follow in the Andreev approximation. We found no useful simplifi-
the calculational methods outlined in the Appendixes ofcation for the terminal currents by squaring and adding all
Refs. 9 and 12. For example, the electrical current flowinghe scattering amplitudes, and therefore numerically evalu-

into the second superconductor is giertby

ated the integral in EqA5).
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